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How to Proceed
• To develop a more complete theory of 

transport we must be able to have an 
accurate picture of the spatial and time 
variation of the velocity distribution.

• The method for doing this involves solving 
an equation that describes the evolution of 
the velocity distribution function.



Boltzmann’s Equation
• Boltzmann’s equation describes the 

evolution of the velocity distribution 
function in phase space. 

• Phase space is the the multi-dimensional 
space including physical space, velocity 
space and time. 

• Generally
• If we know f, then all the transport 

properties can be calculated.



• Boltzmann’s equation is of the form

• The terms on the left describe the evolution 
of the distribution function in time, physical 
space and velocity space.

• The term on the right accounts for collisions 
that change the velocity of a particle.



Left Hand Side

• The first two terms should be familiar from 
the Navier-Stokes equations. They represent 
rate of change with time and convection.

• The third term represents convection in 
velocity space due to applied body forces, 
F. In other words, due to F = ma.



Collision Integral
• One may show (HCB) that 

• Where
– b impact factor
– gkj relative collision velocity
– e angle of approach out of plane
– Prime indicates after collision

b



• Boltzmann’s equation is therefore an 
integro-differential Equation, meaning it has 
both differential and integral terms.

• It was first solved independently by 
Chapman and Enskog using asymptotic 
methods.

• In the small departure from equilibrium 
limit the solution results in the Navier-
Stokes equations and provides expressions 
for the transport properties.



The Transport Terms
• The Chapman-Enskog solution leads to the 

following transport terms
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The Collision Integrals
• The only terms we have not seen are the 

collision integrals
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The Collision Integrals
• To calculate the collision integrals requires 

knowing the intermolecular potential. This 
is typically Lennard-Jones:
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Non-Dimensionalization of the 
Collision Integrals

• Typically one normalizes energy on e and
length on s

• The one can tabulate the integral values.

T * = kT /ε,    
φ* = φ /ε
r* = r /σ
etc.





Lennard-Jones 6-12



Lennard-Jones Parameters



Mixtures
• Mixtures add complexity to the theory. As a 

result, in calculating viscosity or thermal 
conductivity, various empirical mixture 
rules are used. For example:

• Wilke formula  



Multicomponent Diffusion
• It turns out that when Fick’s Law of 

diffusion isn’t valid, then multicomponent 
diffusion depends on the concentrations of 
all the species in the mixture.

• Commonly called Maxwell-Stefan 
diffusion, calculating diffusion coefficients  
or fluxes requires simultaneous solution of 
the multicomponent Navier-Stokes 
equations.



Multicomponent Diffusion

Here xi and yi are the mole and mass fractions of species i
respectively. The Fi are the species specific body forces per 
unit volume. The Dij are the pairwise multicomponent 
diffusion coefficients and DT the thermal diffusion 
coefficients. 



Summary
• For pure substances viscosity and thermal 

conductivity can be measured or calculated 
once and for all.

• For mixtures, one can use either empirical 
mixture rules for viscosity and thermal 
conductivity, or more complex theory.

• For mass diffusion in mixtures, simple 
Fick’s Law can be used for minor species, 
otherwise full multicomponent or some 
approximation must be used. 


